SPECIAL ISOTHERMIC SURFACES OF TYPE d 



F.E. BURSTALL AND S.D. SANTOS 

Abstract. The special isothermic surfaces, discovered by Darboux in con- 
nection with deformations of quadrics, admit a simple explanation via the 
gauge-theoretic approach to isothermic surfaces. We find that they fit into 
a heirarchy of special classes of isothermic surface and extend the theory to 
arbitrary codimension. 



Introduction 

Isothermic surfaces, that is, surfaces which admit conformal curvature line coordi- 
nates away from umbilics, were the focus of intense activity by the geometers of the 
turn of the last century ||, ^ ||, |l^ . In recent times the subject has attracted 
new interest initiated by Ciesliiiski~Goldstein~Sym pO| who pointed out the rela- 
tionship with integrable systems. Consequently, a highly developed modern theory 
of isothermic surfaces has emerged which inter alia extends the classical theory to 
arbitrary codimension and more exotic target spaces [|[ |[ ^ |l^ ^ 
However, a substantial part of the motivation and focus of the classical geometers 
such as Bianchi and Darboux was on a particular class of isothermic surfaces, 
the special isothermic surfaces, which arise from the study of surfaces which are 
isometric to a quadric. These were isothermic surfaces in or, more generally, 
a 3-dimensional space-form of section curvature K characterised by the following 
rather unpromising equation on the principal curvatures: 

e'^'^iHf, + Hi) + -M^ + AM - 2BH + CL + D + -L^K = 0. 

^ " 4 4 

Here, the first and second fundamental forms of the surface are respectively 

/ = e2^(d?i2 + dv^) and // = e^^hdu^ + /cadw^), 

H = is the mean curvature, L = e^^{ki - fc2), M = -HL while A,B,C,D 

are real constants. 

The geometry from which this condition arises is as follows. An isothermic surface 
F admits Darboux transforms depending on an initial condition and a spectral 
parameter m G M ^ : these are new isothermic surfaces which geometrically are 
the second envelopes of certain sphere congruences enveloping F and analytically 
are solutions of a completely integrable system of linear differential equations (a 
parallel section for a flat connection) . Each such gives rise to a congruence of circles 
which cut the surface and its transform orthogonally at corresponding points and, 
through each such circle, there is, generically, a unique plane in M.^ — this is the 
circle-plane of the transform. Darboux proves that an isothermic surface is 
special of class {A, B, C, D) if and only if it admits (possibly complex conjugate) 
Darboux transforms with distinct spectral parameters for which the circle-planes 
coincide. In this case, there are three such transforms, the complementary surfaces, 
which can be constructed algebraically without integrations and whose spectral 
parameters are the roots of the cubic equation 

(1) (m - A)^m - Dm + 2BC = 0. 
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Finally, the enveloping surface of this common congruence of circle-planes is iso- 
metric to a quadric whose coefficients depend on {A, B, C, D) also. 
Our purpose in this paper is to show that these special isothermic surfaces have a 
simple explanation in terms of the integrable systems approach to isothermic sur- 
faces. As fruits of this analysis, we shall generalise the classical theory to arbitrary 
codimension and see that the special isothermic surfaces are a particular case of a 
hierarchy of natural classes of isothermic surfaces filtered by an integer d. In codi- 
mension 1, the first three of these classes are the maps to 5^ (d = 0); the surfaces 
of constant mean curvature {d — 1) and the special isothermic surfaces described 
above (d = 2). 

Here is the basic idea: an isothermic surface is characterised by the existence of 
a pencil of flat metric connections V* on a trivial ]R"+^'^-bundle. In this formula- 
tion, Darboux transforms with parameter m are V^-parallel null line subbundles. 
Following an idea of the first author and Calderbank , we say that an isothermic 
surface is special of type d if there is a family p[t) of V*-parallel sections whose 
dependence on t is polynomial of degree d. 

It is already proved in [D that special isothermic surfaces of type 1 are generalised 
i/-spaces in a space-form and, in section 2.2, we prove that, modulo degeneracies, 
the special isothermic surfaces of type 2 in codimension 1 are precisely the special 
isothermic surfaces of Bianchi and Darboux. 

In this setting, the complementary surfaces are easy to understand: since the con- 
nections V* are metric, the polynomial {p{t),p{t)) has constant coefficients (in the 
classical case, this is the polynomial (|^)) and the values p{m), at roots m, span the 
complementary surfaces. 

Moreover, the behaviour of special isothermic surfaces under the various transforms 
(Darboux, ChristofFel, Calapso) of the theory is straightforward to deduce. In all 
cases, one has explicit gauge transformations, with simple dependence on i, relating 
the pencils of flat connections of the original surface and the transform and so can 
readily construct new families of parallel sections. In this way, we efficiently extend 
results of Bianchi and Calapso to our entire hierarchy of special isothermic surfaces 
in arbitrary codimension. All this is the content of section ^. 

Finally, in section ^ we return to the roots of the subject and show that Darboux's 
characterisation via circle-planes extends, mutatis mutandis, to special isothermic 
surfaces of type 2 in any space-form and that, moreover, the special isothermic 
surfaces of type 2 in R" give rise to surfaces isometric to quadrics. 



1. Preliminaries 
1.1. Isothermic and special isothermic surfaces. 

Definition 1.1. Let / : E — > i? be an immersion of a surface S in an n-dimensional 
Riemannian manifold E, with n > 3. / is called an isothermic surface if there exist, 
away from umbilic points, coordinates (u, v) of S such that the first fundamental 
form / := (d/, d/) can be written as 

for some smooth real function 9, and such that ^ and diagonalise simultaneously 
all shape operators. 

In this case (u, v) are called conformal curvature line coordinates of /. More in- 
variantly, a surface / is isothermic if there is a holomorphic quadratic differential 
q which commutes with the second fundamental form of /: away from zeros of g, 
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one can find a holomorphic coordinate z for which 5^'° — dz^ and then z — u + iv 
provides the conformal curvature line coordinates. 

As we shall see, the class of isothermic surfaces in the n-sphere 5" is Mobius 
invariant, thus preserved by conformal diffeomorphisms. 

Quadrics, surfaces of revolution, cones and cylinders in are examples of isother- 
mic surfaces as are constant mean curvature surfaces in any 3-dimensional space 
form. 

The following definition is due to Darboux [pi, and then developed by Bianchi 
01- 

Definition 1.2. Let / : E — > i? be an isothermic surface in a 3-dimensional space- 
form E with (sectional) curvature K. Consider conformal curvature line coordinates 
(m, v) of / with conformal factor e^^ and principal curvatures fci and k2 so that the 
first and second fundamental forms of / are given by 

/ = e^^{du^ + dv^) and // = e^^ {kidu^ + k2dv^). 

f is called a special isothermic surface if there are real constants A, B, C, and D 
such that 

(2) e^\Hl + Hi) + ^M^ + AM - 2BH + CL + D + ^L^K = 0, 

where H — ^iii^ is the mean curvature of /, L = e^^(fci — ^2) and M = —HL. 
In this case, we say that / is a special isothermic surface of class {A, B, C, D), with 
respect to the coordinates {u,v). 

Equation (^) will be called the Darboux- Bianchi condition. 

Constant mean curvature surfaces are examples of special isothermic surfaces (in 
this case the class is not unique, for a given pair of conformal curvature line coor- 
dinates) . 

1.2. Conformal submanifold geometry. 

1.2.1. Conformal geometry of the sphere. We wish to study isothermic and, in par- 
ticular, special isothermic surfaces in the n-sphere from a conformally invariant 
view-point. For this, we find a convenient setting in Darboux's light-cone model of 
the conformal n-sphere. So contemplate the light-cone C in the Lorentzian vector 
space R"+^'^ and its projectivisation F{C). This last has a conformal structure 
where representative metrics go- arise from never-zero sections a of the tautological 
bundle n : C ^ P(£) via 

g,{X,Y) = {da{X),da{Y)). 

Among these metrics are constant sectional curvature metrics given by conic sec- 
tions: indeed, for w G R""*"^'^, set E{w) := {v € C : {v,w) = —1} to obtain 
an n-dimensional submanifold of R"+^'^ with induced metric of constant sectional 
curvature —{w,w). In fact, for w non-null, orthoprojection onto (w)'^ induces an 
isometry between E{w) and {u G (w)'^ : {u,u) = —1/ {w, w)} while, when w is null, 
for any choice of vq G E{w), orthoprojection onto (vq, w)-^ restricts to an isometry 
of E{w). By construction, the bundle projection tt restricts to give a conformal 
diffeomorphism between E(w) and an open subset of P(£). In particular, choosing 
unit time-like w identifies P(i2) with the conformal n-sphere while, for w null, the 
diffeomorphism P(£) \ {{w)} = {vq,w)^ is essentially stereoprojection. 
The Mobius group M6b(n) of conformal diffeomorphisms of S*" is now readily iden- 
tified, thanks to Liouville's Theorem, with an open subgroup of the orthogonal 
group 0(n + 1, 1) acting in the obvious way on P(£). This action is transitive with 
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parabolic stabilisers and each such stabiliser has abelian nilradical so that S" is a 
symmetric R space, c.f. [||. 

This view-point gives the conformal geometry of the sphere a projective linear 
flavour. In particular, fc-dimensional subspheres of S'" are identified with {k + 1, 1)- 
planes0 via 

V ^¥icr\V) c v{c). 

Thus, the set of fc-spheres in is identified with a Grassmannian and so is a 
(pseudo-Riemannian) symmetric space for 0(7i + 1, 1). 

1.2.2. Submanifolds and sphere congruences. A map / : S — > 5" = P(>C) is the 
same as a null line subbundle A of the trivial bundle R"+^^^ = S x M"+^'^ via 

for all a; £ E. Given such a A, we define 

A(i) := (i^,di^(TS)), 

where F is any lift (never vanishing section) of A. Then A is an immersion if and 
only if A^^) is a subbundle of R"+i'i of rank dim E + 1. 

Definition 1.3. A k-sphere congruence is a map of E into the space of fc-spheres 

or, equivalently, a subbundle V of M"+^^^ with fibres of signature (fc -I- 1, 1). 

A sphere congruence V is enveloped by A if A^^-* C V. 

A sphere congruence V is orthogonal to A if A C and A*^^' C A V^. 

Here is the geometry: a sphere congruence V is enveloped by A if each sphere P(£n 
is tangent to the submanifold A at for all x G E. Similarly, V is orthogonal 
to A if the corresponding fc-sphere meets the submanifold with orthogonal tangent 
planes at each a: G E. 

There are many sphere congruences enveloped by an immersion A but a canonical 
choice is afforded by the central sphere congruence defined as follows: 

Vase := (F,di^(rE), A^^) ^ A(i) ® (AF), 

where F is a lift of A, and AF is the Laplacian of F : E — M""*"^'^, with respect to 
the metric (dF, dF). This is easily seen to be independent of choices. 

1.3. Isotiiermic surfaces and their transformations. 

1.3.1. Gauge theoretic formulation. There is a gauge-theoretic formulation of the 
isothermic surface condition [|j that will be basic in all that follows. For this, we 
begin by recalling the isomorphism /\^ 1$"+-'^'-'^ = o(IR"+-'^'^) given by 

(u A v)w — {u, w)v — (v, w)u, 

for u,v,w € R"+^'-'^. A map A gives rise to a subbundle of abelian subalgebras 
A A A-L of the trivial Lie algebra bundle o(M"+^'^). 

Proposition 1.4 (g §3.2. 1]@ Lemma 8.6.12]). An immersion A : E ^ 5" = 
V{C) is isothermic if and only if there is a non-zero closed 1-formrj e r2^0o(R"+^'^) 
taking values in A A A"*" . 



"'^Thus (k + 2)- dimensional linear subspaces of R"+^'^ with induced inner product of signature 
(A: + 1,1). 
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The classical and gauge-theoretic view-points are related as follows: given 77 S 
ri^(A A A^), we define a 2-tensor g on E by 

^qiX,Y)F = r^xdFiY), 

for any lift F of A. This is well-defined and independent of choices since 77A vanishes 
while r]A-^ takes values in A. Then ij is closed if and only if q is a holomorphic 
quadratic differential which commutes with the trace-free second fundamental form 
of A Q. Moreover, in this case, ij takes values in AaAI^^^ and is uniquely determined 
by q. Indeed, fix a lift F and let Q be the symmetric trace-free endomorphism of 
TS for which 

y{X,Y)^{dFiQX),dF{Y)). 

Then 

(3) r) = F AdFoQ. 

In particular, if z = u + iv are conformal curvature line coordinates with g^'*^ — dz^ 
and (dF, dF) = e'^'^{du'^ + dw^) then 

(4) r] = e-^''F A{~Fudu + Fydv). 
To summarise: 

Proposition 1.5. Let (A, 77) be an isothermic surface in 5". Then 

(1) r] e f)i(AA A(i)); 

(2) For any lift F of A, there is a symmetric, trace-free Q G r(End(rE)) for 
which rj ^ F A {dF o Q); 

(3) 77 vanishes on at most a discrete set. 

This formulation of the isothermic condition is manifestly conformally invariant: 
for T e 0(M"+^'^) and (A, 77) isothermic, it is clear that (TA, Ad(T)77) is isothermic 
also. 

Like the holomorphic quadratic differential to which it is equivalent, the 1-form 
77 is defined up to a real constant scale. However, unless A takes values in a 2- 
sphere, this is the only ambiguity: q is fixed (up to scaling by a real function) by 
the requirement that it commute with the trace-free second fundamental form of 
A, unless the latter vanishes. The holomorphicity of q then forces that scale to be 
constant. Thus: 

Proposition 1.6 (|^, Proposition 2.4]). Let {A,ri) be an isothermic surface in S"". 
Then rj is unique up to (non-zero) real scale if and only if A is not contained in 
any 2 -sphere. 

A fundamental observation on which the rich transformation theory of isothermic 
surfaces rests is that setting (V' := d-\-tr])t£M yields a pencil of flat metric connec- 
tions on K.""*"^'^. Indeed, since AAA-'- is abelian, the curvature of V* is td77 so that, 
for a non-zero 1-form 77 G J7^(A A A^), (A, 7;) is isothermic if and only if (V*)tgR is 
a family of flat connections. We now briefly recall how these connections provide 
transforms of isothermic surfaces. 

1.3.2. Darboux transforms. Let (A, 77) be an isothermic surface with pencil of flat 
connections V*. Darboux transforms of A are spanned by null V™-parallel sections 
ofM"+^'\ More precisely: 

Definition 1.7. An immersed surface A : E — > P(£) is a Darboux transform with 
parameter m, m ^ , of A if 

(1) AnA={0}; 

(2) A is (d -f 77i77)-parallel. 



6 



F.E. BURSTALL AND S.D. SANTOS 



The point here is that a Darboux transform A is also isothermic and there is a 
simple explicit gauge transformation relating the two pencils of flat connections. 
For this, we define a family of orthogonal gauge transformations r^(c), c e , of 
by 

on A, 

(5) ri(c)=<'l on(A®A)^, 



on A. 



We now have: 



Proposition 1.8 ([^ Theorem 3.10]). Let A be a Darboux transform with pa- 
rameter m of an isothermic surface (A,?]). Then A is isothermic and the 1-form 
G r2^(A A A^) can be chosen so that: 

(1) t{{1 - A) . (d + t??) = d + tf], for all t ^ m; 

(2) (A, 77) is a Darboux transform with parameter m of (A,?)). 

Here the action of the gauge transformation on connections is the usual left action: 

ri(i - • (d + tv) - ri(i - o (d + tr^) o ri(i - 



Remark 1.9. The prescription of fj in Proposition 1.8 amounts to the demand 
that the two holomorphic quadratic differentials coincide: q — q. 

1.3.3. Christoffel transforms. Fix a pair VootVo G C with (wo,Woo) = —1 so that 
vq G E{voo) and conversely. Set M" = (iiq , foo ) • Orthoprojection is an isometry 
E{voo) K" with inverse given by 

X H> exp(a; A Woo)^^o = vq + x + ^{x, x)vao. 

Now let (A, 77) be isothermic with lift F = cxp(/ A Voo)vq : S — s- E{voo)- Then we 
can write 

?7 = Ad(exp(/Ai;oo))w, 
for uj G il^((uo) A (vq)-^). It follows from dr; = that dcj = Proposition 3.3] 
so that locally we have ui = df^ A vq, for a map : E — > M" defined up to a 
translation. 

We now swop the roles of / and vq and Uoo to make: 

Definition 1.10. The Christoffel transforms of (A, ry), with respect to the pair 
(woo,wo), are the surfaces (A^ :— {F'^),ri'^), where 

^= - exp(/^ A vn)v^ : E ^ E{vo) 

77= = Ad(exp(/=A«o))(d/A«oo). 

We have: 

Proposition 1.11 (|^, Lemma 3.13]). Let (A'^,ry'^) be a Christoffel transform of 
(A, ry). Then 

(1) (A"^, r]'^) is an isothermic surface; 

(2) For all t G M^, r^(i) ' (d + trj) = d + trj'^, where the gauge transformation 
T'^{t) is given by 

T-{t) = A vo) o T\l^^\t) o exp(-/ A v^); 

(3) (A, 77) is a Christoffel transform 0/ (A"^, ry"^). 

The geometry behind all this is that the stereoprojection of a Christoffel trans- 
form has parallel tangent planes to those of / and induces the same conformal 
structure on E as / while inducing the opposite orientation on TE M, M . 
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1.3.4. T-transforms. Let (A,7y) be an isothermic surface in iS". Since each = 
d + S77 is a flat, metric connection on R^^^'^, there are local orthogonal gauge 
transformations $s, for each s e M, with $s • V* = d. With this understood, we 
have: 

Definition 1.12. The T-transforms of (A, rj) are the surfaces (As, t^s), s G M, where 
As = $sA and rj^ = Ad{<i>s)v- 

Note that each $s, and so each T-transform A^, is defined up to the action of the 
Mobius group. 
We have: 

Proposition 1.13 (§, §3.3]). Let (As,??^) be a T-transform of [A,?]), s e R. Then 

(1) {As,r]s) is an isothermic surface; 

(2) For all f S K, ■ (d + (t + s)ri) ^d + tr]s. 

This spectral deformation of isothermic surfaces coincides with that introduced, 
independently, by Calapso and Bianchi for the case n — 3 and extended to 
higher codimension by Burstall Q] and Schicf ||2l|| . 

2. Special isothermic surfaces of type d 

We now come to the central idea of this paper: consider an isothermic surface (A, rj) 
with its pencil of flat connections V*. The theory of ordinary differential equations 
ensure that we may find V*-parallel sections depending smoothly on the spectral 
parameter t. However, the existence of such sections with polynomial dependence 
on t is a condition on A of geometric significance. Following Burstall-Calderbank 
§, we are therefore led to make the following definition: 

Definition 2.1. Let (A, rj) be an isothermic surface in 5"" and let p{t) e r(l"+^^^)[t]. 
The polynomial p(i) is called a polynomial conserved quantity of (A, rj) iip{t) is non- 
zero and V*p{t) = 0. 

Proposition 2.2. Let (A, 77) be an isothermic surface in S" . If p{t) = YM:=oPkt^ 
is a polynomial conserved quantity of (A, 77) with degree d 6 No, then 

(1) po is constant; 

(2) pd is a parallel section ofV^^, with respect to the normal connection; 

(3) the polynomial {p{t),p{t)) G that is, {p{t),p{t)) has constant coeffi- 
cients. 

Proof. Write p{t) — Y^i^^Pki^ with pd non-zero. Evaluating (d -I- t-q)p{t) aX t = Q 
we obtain dpo = 0. The top two coefficients of \7*p{t) = read 

(6a) = r]pd 

(6b) = dpd + ripd-i, 



where we have set p_i = 0. Fix a lift F of A. Proposition L5 tells us that we may 
write T] = F A {dF o Q) with Q E r(End(TE)) symmetric, trace-free and bijective 
off a discrete subset of E. Now ( |6a| ) reads 

iF,pd)dF oQ-{dFo Q,pd)F = 0, 

and, since F immerses, we see that {pd,F) = and {dF o Q,pd) = so that 

{dF,pd) = 0) ofi" the zero-set of Q. Hence pd G FA^^) . 

To see that pd takes values in T4sc, it remains to show that (d * dF,pd) = 0, where 
* is the Hodge star operator on E. Now (^) reads: 

(7) dpd + {F,pd-i)dF o g - (dF o Q,pd-i)F = 0, 
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SO that 

(d * dF,pd) = d{*dF,pd) - {*dF A dpd) 
^-iF,pd^i)i*dFAdFoQ) 

which last vanishes since Q is trace-free. Thus, pd G TT^^j,. Moreover, from we 
see that dpd & Q^{A'-^'>) C fl^[Vcsc), whence V^pd — 0, since the normal connection 

is just the ]4-^j,-component of d. 
Finally, since each V* = d + iyy is a metric connection, and V*p{t) = 0, we get 
d(pW,p(i))=2(V*p(0,PW)=0. □ 

In particular, pd is always space-like while, Pq, if it is non-zero, defines a space-form 
E{po)- 

Observe that if n = 3, all top terms of polynomial conserved quantities are constant 
multiples of each other, so that whenever there are two linearly independent poly- 
nomial conserved quantities of degree d, there is necessarily a polynomial conserved 
quantity of degree d — 1. 

Definition 2.3. An isothermic surface {A,ri) in S'" is a special isothermic surface 
of type d (with respect to p(t)) if it admits a polynomial conserved quantity p{t) of 
degree d. 

Moreover, for w G R"^^'^, we say that (A, 77) is special isothermic of type d in the 
space-form E{w) if po G (w). 

The cases d — and d = I have simple interpretations to which we now turn. 
Recall that a submanifold of 5" is full if it does not lie in any proper sub-sphere. 
We have: 

Proposition 2.4. An isothermic surface (A, rj) in S"" is a special isothermic surface 
of type if and only if A is not full. 

Proof. Suppose that (A, rj) is a special isothermic surface of type 0, with respect 
to a polynomial p{t) — pg. By Proposition 2^, po is a constant in V^^. Set 



W = (po)^ so that W is an {n, l)-plane with A C Vcsc C W and A has image in 
the (n - l)-sphere V{C n W). 

For the converse, if A has image in the subsphere F{C D W), for some (n, l)-plane 
W = {po)'^ , it is easy to see that p{t) := po is a polynomial conserved quantity of 
(A,ry). □ 

Let us now contemplate the case d = 1. Recall that a surface in a space- form 
is a generalised H-surface if it admits a parallel unit normal vector field which 
has constant inner product with the mean curvature vector of F (see |Q, §2.1]). 
In codimension 1, a generalised iJ-surface is simply a surface of constant mean 
curvature. We now have: 

Proposition 2.5 (|P). Let (A, 77) be a full isothermic surface in S*", with n > 3. 
Then (A, 77) is a special isothermic surface of type 1 in the space form E{w), w G 
R""*^ ' , if and only if the lift F : T, ^ E{w) of A is a generalised H-surface. 

Sketch proof . Let p{t) — po -\- pit be a polynomial conserved quantity of (A, ry), 
with po G (w) non-zero since A is full. Without loss of generality, take pi to be 
of unit length. We can then write pi = (H, N)F -\- N, for H the mean curvature 
vector of F and N a unit parallel section of V^, thus a parallel unit normal to F. 
Since {po,Pi) is constant, it immediately follows that (H, A^) is constant and F is 
a generalised H-smiace. 
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For the converse, if F : E — > E{w) is a generalised iJ-surface and N the corre- 
sponding parahel unit normal, set p{t) := w +pit, where pi (H, N)F + N, and 
r] — F /\ dpi. One then shows that rj is closed and (d + trj)p{t) vanishes identically. 
For more details, see □ 

Note that in codimension 1, the condition that an isothermic surface be special of 
type d = 0, 1 is a differential equation on the principal curvatures of order d. This 
situation persists for all d |2G] and, in particular, we now see that the case d = 2 is 



very closely related to Darboux's notion formulated in Definition 1.2 



Theorem 2.6. Let (A, rf) be an isothermic surface in . Fix w G M^'^ and consider 
the lift _F : E — ^ Eiw) of K. Let {u,v) be conformal curvature line coordinates 
corresponding to rj so that the first and second fundamental forms of F are given 
by 

I = e^'^{du^ + dv^) II = e^'^ikidu^ + k2dv^). 

Let H = ''^'^^^ be the mean curvature of F and set L — e^^ (ki — k2) and M — —HL. 
Then (A, r/) is special isothermic of degree 2 in E{w) if and only if there are real 
constants A, B and C such that 



(8) 



'Huu + OuHu - 6„H^ - \Mki - Aki - Se-2e + C - \L{w, w) = 
Hyy - OuHu + OyH^ + iMfca + Ak2 - Be'^^ -C+ ^L{w, w) = 0. 



Proof Set Wi := e"^F„, W2 := e~^F„ and let iV be a unit normal to F in E{w). 
From (^), we have 

77 = e^^^F A {-Fudu + F^dv) = e^^ F A (-T4^idu + W2dv). 

Now suppose that (A, 77) admits a polynomial conserved quantity p{t) — po +pit + 
P2t^ with pq € (w). By Proposition 2.2, we may scale p by a constant to ensure 
that p2 = HE + N. Denote by B the constant such that po ~ Bw and write 

p^^ aF + fiWi + 7W2 + 5N + ew, 

for functions a, /3, 7, 5 and e. With p2 = HE + N, dp2 + rjpi = is equivalent to 

Now compute the components of dpi + jypo along the frame F, Wi , W2 ,N,w to 
conclude that the vanishing of this last is equivalent to 

(9a) da = e^*^ Hu{w,w)du + e^'^ Hy{w,w)dv 

(9b) Huv + OuHv + 6*11^^11 = 

(9c) e^^di? = \ {Ludu - L^dv) 

(9d) d5 = e'^'^KiHudu - e'^'^K2Hydv 

Hun + e^Hu - 6,H, + kiS-a- Be'^" = 

H^v - 9uHa + e,H, -k26 + a- Be'^'^ = 0. 



(9e) 



Of these, (|9b| ) and ( |9c| ) are consequences of the Codazzi equations and, using (^), 
( |9a| ) and (^^ can be written 

da = ^{w,w)dL, d6 = -^dM. 

We therefore introduce constants A and C so that 6 = — (^Af + A) and a = 
■^L{w, w) — C and conclude that p{t) is a polynomial conserved quantity if and only 
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if we have 



(10a) 


Po 


= Bw, 


(10b) 


Pi 




(10c) 


P2 


^HF + N 



e'>HuWi + e''H,W2 - {^M + A)N + ^Lw 



and ( |9eD holds. These equations, which are the components of dpi + rjpQ ~ along 
Widu and W^dv respectively, are precisely (||). □ 

Let us relate this to the Bianchi-Darboux condition (||) that characterises the clas- 
sical special isothermic surfaces. First observe that, with Po,Pi,P2 defined by (|lC|), 
equation (||) reads 

ipi,Pi) + 2{po,p2)^D-A^ 

Thus a special isothermic surface of type 2 satisfies the Bianchi-Darboux condition, 
the coefficients of {p{t),p{t)) being constant. Moreover, the converse is almost true 



as well: if A is an isothermic surface satisfying (g), we define p{t) by (10) and then 
see that 

{p{t),p{t)) =t^ - 2At^ + {D- A^)t^ + 2BCt + B'^{w,w) 
is constant. Now 

dp{t) + trip{t) = ojiWidu + 0J2W2dv 

witha;i,a;2 determined by (|^) andwehaveO = d{p{t),p{t)) — 2{dp{t)+ti]p{t),p{t)), 
the ^^-coefficient of which is 

= {u}iWi,pi)du + {u}2W2,pi)dv = e^{-HuUJidu + HyUj2dv). 

We conclude that when HuHy is never zeroQ, a surface is special isothermic of type 
2 in a space-form E(w) if and only if the Bianchi-Darboux condition (^) holds and 
so is special isothermic in the classical sense. 

The class of special isothermic surface of type d in S" is Mobius invariant: if A has 
polynomial conserved quantity p{t) and T G ©(M""*"^'^) then TA has polynomial 
conserved quantity Tp{t). However, the property of being special isothermic in a 
fixed space-form E{w) is, of course, not Mobius invariant: TA is special isothermic 
in E(Tw) and not, as a rule, in E{w). 

There is an exception to this last rule: if p(0) — then A is isothermic of type d in 
any space-form E{w). This is the case if and only if q{t) — p{t)/t is a polynomial 
conserved quantity of degree d — I. In particular, taking n — 3 and d — 2, we 
recover the discussion of Bianchi ||^, §§21-22] to conclude that the special isothermic 
surfaces of type 2 with B = are precisely the images under the Mobius group of 
constant mean curvature surfaces in some space-form. 

3. Transforms of special isothermic surfaces 
We now show that the class of special isothermic surfaces is very well-behaved with 



respect to the transformation theory rehearsed in Section 1.3 



3.1. Darboux transforms of a special isothermic surface. Let (A,?7) be an 
isothermic surface with Darboux transform (A,?}). From Proposition |l.8| , we have 

Viil ~t/m) ■ (d + tr,) ^d + tfi. 

Thus, if p{t) is a polynomial conserved quantity for (A, 77), r^(l — ^)p{t) is d -I- tfj- 
parallel and rational in t with at worst a simple pole at to. 



•^This condition is quite strong, excluding, for example, cylinders and surfaces of revolution. 
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Theorem 3.1. Let (A, 77) be a special isothermic surface in 5" of type d G No with 
respect to a polynomial p{t). Let K he a Darboux transform of (A^rj), with spectral 
parameter m, and let G be a {d + mrj) -parallel lift of A. Then: 

1) {p{m),G) is constant; 

2) if {p{m), G) = 0, then (A, if) is a special isothermic surface of type d, with respect 
to a polynomial p{t) for which p{0) = p{0) and {p{t),p{t)) — {p{t),p{t)). 

Proof. {p{m), G) constant is an immediate consequence of p(m) and G being parallel 
sections with respect to the metric connection d + mrj. Assume now that p{m) is 
orthogonal to A. Since m is a root of the polynomial p{t)\ ^, we can define the 
polynomial p{t) by p{t) — r^(l — ■^)p(t), for all t £ K\{to}, that is, the polynomial 
p(t) such that 

p{t)A = (1 - —)p{t)A, p{t)-^ = (1 - —)p{t)k and p{t)w^ = p{t)w^: 
m m 

which satisfies all the conditions described on point 2. 

□ 



In particular, from the previous Theorem, we get a sufficient condition for a Dar- 
boux transform of a (classical) special isothermic surface to be again a special 
isothermic surface of the same class (in a certain 3-dimensional space- form). This 
classical result can be seen in |l| This Theorem encodes also a sufficient con- 
dition for a Darboux transform of a constant mean curvature surface in a certain 
space-form to be again a constant mean curvature surface in the same space-form, 
with the same mean curvature (with the obvious changes, we have the analogous 
result for generalised H-surfaces). 

The next Theorem establishes two results: extends the classical result due to 
Calapso [H which claims that in M.^ all Darboux transforms of a constant mean 
curvature surface are special isothermic surfaces; guarantees that the sufficient 



condition of Theorem 3.1 is also a necessary condition, with the assumptions that 
codiniension is 1 and that (A, 77) is not a special isothermic surface of type less than 
d (see [0 for the classical result). 

Theorem 3.2. Let (A, 77) be a special isothermic surface in S*" of type d E No 
with respect to a polynomial p{t), and let K be a Darboux transform of (A, rf), with 
parameter m. Then: 

1) (A,?)) is a special isothermic surface of type d+1, with respect to a polynomial 
p{t) for which p(0) — p(0); 

2) if n = 3, d E N, (A, ?/) is not a special isothermic surface of type d—1, and (A, r}) 
is a special isothermic surface of type d, with respect to a polynomial p(t) such that 
p(0) =p(0), then pirn) e r(A^). | 

Proof. Consider the {d + l)-th degree polynomial 

qit) = (1 - -)p{t), 

m 



■^For each section ip of ]R"+-'-'-^ , write 

for the decomposition of ip corresponding to IR"+^'-'^ = A ® A ® , where W := A ffi A. 
^This result is obviously true if we take d = 0, with arbitrary codimension. 
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which is a polynomial conserved quantity of (A, 77). Since qim) — 0, and therefore 
q{m) G r(A-'-), we guarantee that (A, fj) is a special isothermic surface of type d+1, 
with respect to a polynomial q{t) such that g(0) = q{0), and then q{0) = p{0). 
Assume now that n = 3, d G N and that (A, ij) is not a special isothermic surface 
of type d — 1. Suppose that (A,r)) is a special isothermic surface of type d, with 
respect to a polynomial such that p{0) — p(0). Based on the first part of this 
proof, it follows that the polynomial q{t) satisfying q{t) = r-^(l ^ :^){^ ^ m^P^^^ 
a polynomial conserved quantity of (A, ?7), with degree d+1. 

Take the polynomial conserved quantity p'{t) (1 — :^)p{t) of (A, 77). Since g(0) = 
p'(0), consider the polynomial s{t) such that ts{t) = q{t) —p'{t). One can prove 
that q{t) —p'{t) has degree d + 1 or q{t) —p'{t) is the zero polynomial. 

If q{t) —p'{t) has degree d + 1, we get that s{t) is a polynomial conserved quantity 
of (A, 77) with degree d, and then, taking into account that the codimension is 1, 
we conclude that there is a real constant a such that p{t) = as{t). Consequently 
p(w)a = 0; if q{t) — p'{t) = 0, we get q{m) = p'{m) = 0. Take the polynomial a{t) 
of degree d such that q{t) = (1 — ^)a(i). In this case we also have p{t) = aa{t), for 
some real a, and a{m)A = (because (1 — ^t)p{t)A — a{t)A)- □ 

From this Theorem we obtain in particular examples of special isothermic surfaces 
of type 2, taking a special isothermic surface of type 1, i.e., a generalised -ff-surface 
in some space-form (which does not live in a 2-sphere) and considering its Darboux 
transforms. 

For a given special isothermic surface with respect to a polynomial p(t) , there are 
particular Darboux transforms which are obtained without integration. They arise 
from the roots of {p{t),p{t)). 

Definition 3.3. Let (A, 77) be a special isothermic surface in S", with respect to 
p{t). The Darboux transforms A of (A, 77) such that A = {p{in)), for some m G K.^ 
satisfying {p{m),p{m)) — 0, are called the complementary surfaces of (A, 77), with 
respect to p{t). 

We obtain therefore at most 2d complementary surfaces for each special isothermic 
surface of type d. 

Note that for d = 1 with p{0) e C, we have exactly one complementary surface. 
Fixing a uq G E{p{0)), it is straightforward to check that it is the only surface in 
such that its projection in M" — {vo,p{0))^ ^ E{p{0)) is simultaneously a Darboux 
transform and a ChristofFel transform of the projection / of A in M". In M" it is 
given by / + -^N, where N is a unit normal section of /, parallel with respect to 
the normal connection such that H = (H, N) is constant (H is denoting the mean 
curvature vector of /). We get in particular that this complementary surface of A 
is also a generalised H-surface in the space- form E{p{0)). This result is a particular 
case of the following Corollary of Theorem 



3.1 



Corollary 3.4. Let (A, 77) be a special isothermic surface in S*" of type d G N 
with respect to a polynomial p{t) . Let A be a complementary surface of {A,r]) with 
respect to p(t). Then (A, 77) is a special isothermic surface of type d, with respect to 
a polynomial p{t) , such that p{0) = p{0) and {p{t),p{t)) — {p{t),p{t)). 

Proof. Denoting by 771, the spectral parameter of A, observe that the lift G :— p{m) 
of A is a (d + r7i7;)-parallel section, which is orthogonal to A. □ 

Taking d — 2, with codimension 1, we obtain the corresponding classical result (see 

my 
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To conclude this section, we will present the conditions in which a special isothermic 
surface of type d admits Darboux transforms which are special isothermic surfaces 
of type d — 1. 

Proposition 3.5. Let (A, 77) be a special isothermic surface in 5" of type d G N 
with respect to p{t). Suppose that (A, 77) is not a special isothermic surface of type 
d—1. Then (A, rj) admits a Darboux transform with spectral parameter m, which is 
a special isothermic surface of type d~l with respect to a polynomial p{t) such that 
p{0) = p{0) if and only if m G is a repeated root of {p{t),p{t)). Furthermore, the 
Darboux transform in this situation is the complementary surface {p{in)) of {K,ri). 

Proof. Consider a Darboux transform A of (A, 77), with parameter m, and assume 
that (A, f]) is a special isothermic surface of type d — 1, with respect to a polynomial 
p{t) such that p(0) = p(0). We know that the polynomial ^{t) satisfying ^{t) = 
r^(l — -^){^ — '^)p{t) is a polynomial conserved quantity of (A, 77), with degree d. 
Since ^(0) — p{0) = p{0) and p{t) and ^{t) are polynomials of degree d, we have 
necessarily p{t) — ^{t) because d is the least degree of the polynomials which are 
conserved quantities of (A, rj). We now get that ttz is a repeated root of {p{t),p{t)) 
because 

ip{t),pit)) ^ m,m) = (1 - -tnpit),p{t)). 

m 

Observe that p{m) is not the zero section. Indeed, if it was, we would have p{t) = 
{t — m)q(t), for a certain polynomial q{t) of degree d—1. But then q(t) would 
be a polynomial conserved quantity of (A, r/), which is absurd. By virtue of p{m) 
being a non-zero (d + 7TT,77)-parallel section, we conclude that p{m) never vanishes. 
Therefore p(?n) G T{C). Consequently, since p(77^)a = 0, we obtain {p{m))+A C £, 
and then A = {p{m)). 

Conversely, assume that there is a repeated root m G of {p{t),p{t)). We al- 
ready know, from the first part, that p{m) never vanishes. Consider the null line 
subbundle A = (p(rn)} of R"+^'^ Note that we can assume that A n A = {0} 
considering a non-empty open subset of E, if necessary, because if 75(771) G r(A), we 
would have r]p{m) — 0, which would imply that d7?(7Ti) = —mrjp{m) = 0. Hence 
we would get A = {p{m)) constant, which is absurd. Furthermore, one can prove 
that {p{m)) is an immersion (considering again a smaller set, if necessary), having 



in mind Proposition 1.5, We can therefore take the Darboux transform A = (75(771)) 



of (A, r]) (a complementary surface of (A, 77), with respect to p{t)). Considering the 
polynomial conserved quantity p{t) of (A, 77) defined by p{t) = r^(l — ^)p{t) which 
has degree d, and satisfies 73(0) — p{0) and {p{t),p{t)) — {p{t),p{t)), we get that m 
is a repeated root of the polynomial 

2(p(i)A,75(<)A) + (p(*)(AeA)^'^W(AeA)^)- 
Since ^('ti)^^^^-)^ = ?'("^)(AeA)^ ~ consider the polynomial a(t) for which 
^(^)(AffiA)^ = (tti — t)a{t). It follows that 77?, is a repeated root of the polynomial 

2(1 - -t){p{t)K,p{t)'^) + {m~ tf{a{t), a{t)), 
m 

which guarantees that m \s a root of {p{t)\,p{t)j;^). Since p{m)f^ is always different 
from zero, we get that p{m)/^ = 0. Therefore, as a consequence of 

73(771) = p(77i)a + 75(to)a + P(™)(AffiA)^ = 0' 

we will consider the polynomial s{t) of degree d—1 such that p{t) = (1 — ^t)s{t), 
which will be a polynomial conserved quantity of (A,?}) satisfying s(0) — p(0) = 
p(0). □ 
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With this last Proposition, we proved that given a special isothermic surface (A, rj) 
of type d G N, with respect to a polynomial p{t), which is not a special isothermic 
surface of type d — 1, the Darboux transforms (A, fy) of (A, r/) which are special 
isothermic surfaces of type d — 1 with respect to a polynomial with constant term 
p{0) are exactly the complementary surfaces of (A, ij) with respect to p{t) such that 
the spectral parameters are repeated (non-zero) roots of {p{t),p{t)). In particular, 
we get that there are at most d Darboux transforms (A, fj) of (A, r]) under these 
conditions. The case in which is a repeated root of {p{t),p{t)) will be discussed 
in section 



3.2 (see Propositions 3.9 and 3.10) 



3.1.1. Bianchi permutability theorem of special isothermic surfaces. Let (A, if) be an 
isothermic surface in 5" and let (Ai, 771) and (A2, 772) be two Darboux transforms of 
(A, ry), associated to different spectral parameters mi and m2, respectively. Assume 
that Ai n A2 — {0}. The Bianchi permutability theorem of isothermic surfaces 
claims that there is an isothermic surface in 5'" which is simultaneously a Darboux 
transform of (Ai,?7i), with spectral parameter TO2, and a Darboux transform of 
(A2,?72), with parameter mi, namely 

A:.rJ.(i-;|)(A,).r;=(i-=|)(AO-rJ;(^)(A)^ 

(A, f}) is isothermic when we consider the 1-form 

^ mi TOi 

In fact this i) is the closed 1-form associated to A as a Darboux transform of (Ai, 771) 
with parameter 7712, and associated to A as a Darboux transform of {^^21^2) with 
parameter mi. 

With the above notations, we have the following Theorem. 

Theorem 3.6. // (A, 77) is a special isothermic surface in S" of type d G No, with 
respect to a polynomial p{t) for which p{mi) G r(A5'") and p{m2) G r(A^), then 
(A, 77) is a special isothermic surface of type d, with respect to a polynomial p(t) for 
which p{0) =p(0) and {p{t),pit)) = {p(t),p{t)). 

Proof. Assume that (A, 77) is a special isothermic surface of type d G No, with re- 
spect to a polynomial p{t) for which p{mi) G r(Aj^) and p{m2) G r(A^). Theorem 



3.1 guarantees that the polynomial pi{t) such that pi{t) — r^^(l — ^)p(t), for all 



t G M\{mi}, is a polynomial conserved quantity of (Ai,77i), with degree d, satis- 
fying pi(0) = p{Q) and {pi{t),pi{t)) = {p{t),p{t)). It follows from p{m2) G r(A^) 
that 

Pi(m2) = r^^(l - ^)p(m2) G (r^(l - ^)(A2))^ = A^ 



mi mi 



which implies, using again Theorem 3.1, that (A, 77) is a special isothermic surface of 
type d, with respect to a polynomial p{t), namely the one satisfying p{t) = F^^ (1 — 
:^)pi{t), such that p(0) = pi(0) and {p(t),p{t)) = (pi(t),Pi(i))- Consequently 

m = p(o) and {m,m) - (pw^mo)- □ 



As a consequence of Theorems |3.6| and 3.2, we obtain the following Corollary. One 



can find the corresponding classical result in |1[. 

Corollary 3.7. // (A, r\) is a special isothermic surface in of type d G N, with 
respect to a polynomial p{t) , but it is not a special isothermic surface of type d—1, 
and if (Ai,77i) and {K2,rj2) are special isothermic surfaces of type d, with respect 
to polynomials Pi{t) and p2{t), respectively, such that pi{0) = 7)2(0) = ^(0), then 
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(A, fj) is a special isothermic surface of type d, with respect to a polynomial p(t) for 
which p{0) =p(0) and {p{t),p{t)) = [p{t),p{t)). 

3.2. Christoffel transforms of a special isothermic surface. Let (A, 77) be an 

isothermic surface in 5". Fix a pair (woc'^o) where Uoo,wo G L and {vq,Voo) = — 1. 

Theorem 3.8. // (A, 77) is a special isothermic surface in 5" of type c? G No with 
respect to a polynomial p{t) for which the constant term p{0) G (voo)'^ , then (A^, rj'^) 
is a special isothermic surface of type d, with respect to a polynomial q{t) such 
that {q{t),q{t)) — {p{t),p{t)) and q{0) G (wo)^- Moreover, if p{0) G (woo), then 
9(0) G («o). 

Proof. Assuming that a polynomial p{t) G r(K."'^^^"^)[t] satisfies p{0) G (I'oo)"'", we 
can define the polynomial q{t) by q{t) = r'^{t)p{t), for alH ^ (recall section 1.3.3). 
If p{t) is (d + i?7)-parallel, we automatically obtain that q{t) is (d + i?7^)-parallel. 
Furthermore, 

9(0) = -{pi,Voo)vq +Pq + {po,vq)voo + {PQ,f'')vo, 

where p{t) ~ Y^u^^Vkt^ i and /'^ : S — > M" = (wo,Woo)^ is an immersion such that 
:= Ad(exp(/A«oo))(dr Afo). □ 

The last part of this Theorem gives in particular the classical result, due to Bianchi 
Q, which states that given a special isothermic surface / in M'^ of class (A, B, C, £>), 
with conformal curvature line coordinates the Christoffel transforms /"^ of / 

such that 

fl = e-^'fu and fl = -e'^'f,, 

where the first fundamental form of / is / = e^^{du^ + du^), are special isothermic 
surfaces of class {A,C, B, D). Indeed, fix Voo G £ C M*'^ and vq G E{voo), and 
identify M.^^ with {vo,Voo)'^- Consider the surfaces F = exp(/ A Voo)vo in E{voo) 
and F'^ = exp{f'^ Avo)vaD in E{vo). Take now the isothermic surfaces (A := {F),t]) 
and (A'^ := (i^^), 77^^) where r/ = Ad(exp(/ A Uoo)) {df^ A vq) and ry*^ = Ad(exp(/'^ A 
vo)) (d/ Awoo). 

Consider the unit vector fields Wi = e^^Fu and W2 — e^^Fy, and let be a 
unit normal to F in E{vao)- Take the unit vector fields := e^F^ = r'^{t)Wi, 

:= e^F^ = -r=(i)H/2 and = -T''{t)N of 
By virtue of F being a special isothermic surface of class {A, B,C, D), we learn 
that p{t) = pq+ Pit + p2t^ given by 

Pa = Bvoo, 

Pi = -CF - e^HuWi + e^HyW2 - (^M + A)N + ^Lv^ and 
P2^HF + N, 

is a polynomial conserved quantity of (A, 77) (in fact assuming that H^Hy never 
vanishes). Considering now the polynomial q{t) = 90 + qit + 92^^ for which q{t) = 
T%t)p{t), for all i =^ 0, we get 

90 = -Cuo, 

qi = BE'' - e^HyWl - e^H^W^ + (^Af + A)N'' + iJuo and 
q2 = -LF'' - N". 

The resuh follows noticing that H" = -^L, L" = -2iJ and M" = Af (with the 
obvious notations). 
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Proposition 3.9. //(A, 77) is a special isothermic surface in 5" of type G N, with 
respect to a polynomial p{t) for which ^ p{0) £ (woo) and is a repeated root of 
{p(t),p(t)), then (A'^,?7'^) is a special isothermic surface of type d~l. 

Proof. Assume the conditions of the hypothesis with p{t) = X]fc=oP'=^'^- Take the 
d-degree polynomial q{t) defined by T'^{t)p{t), for all i ^ 0, which is a conserved 
quantity of (A'^,??^). Since is a repeated root of {p{t),p{t)), we get {po,pi) = 0, 
which implies that {pi, Voo) = 0, and then q{0) — — (pi, Vao)vo — 0. Considering the 
polynomial s{t) for which q(t) ^ ts(t), we obtain a polynomial conserved quantity 
of (A"^, rj'^), with degree equal to rf — 1. □ 

Proposition 3.10. // (A, 77) is a special isothermic surface in S'^ of type d £ N 
with respect to a polynomial p{t), but it is not a special isothermic surface of type 
d—1, and if (A"^, 77'^) is a special isothermic surface of type d—\, then is a repeated 
root of {p(t),p{t)) andp{0) G (voo)- 

Proof. Assume the conditions of the hypothesis. Denote by s(t) a polynomial 
of degree d—1 which is a polynomial conserved quantity of (A'^,77'^). Then the 
polynomial g{t) defined by g{t) = r'^{t)~^{ts{t)), for all i 7^ 0, is a polynomial 
conserved quantity of (A, 77), with degree d. Using the fact that (A, 77) is not a 
special isothermic surface of type d—1 and the fact that the codimension is 1, 
we obtain p{t) = cegit), for some non-zero constant a. Hence we conclude that 
{p{t),p{t)) = {g{t) , g{t)) = a^t^(s(i), s(i)), which guarantees that is a repeated 
root of (p(t),p(i)). Finally, we get that p(0) G (woo), because the constant term of 
ts{t) belongs to {vq) (it is equal to zero). □ 

Remark 3.11. Consider a special isothermic surface (A,??) in S'" of type d G N, 
with respect to a polynomial p{t). If po '■= p(0) € we can consider po as the 
point at infinity 7;oo, and apply all these results. Note that pt^ £ C ii and only if 
po 7^ and is a root of (p{t),p[t)). 

Observe that if {p{t),p{t)) admits a repeated root m, we can therefore conclude, 
in general, that (A, ry) admits Darboux transform(s) (which will be complementary 
surfaces) or Christoffel transforms which are special isothermic surfaces of type 
d- 1. 

3.3. T-transforms of a special isothermic surface. 

Theorem 3.12. //(A,?/) is a special isothermic surface in S"' of type d G No with 
respect to a polynomial p{t) , then (As, 77s) is a special isothermic surface of type d, 
with respect to a polynomial with constant term equal to <i>s(p(s)). 

Proof. Given a polynomial conserved quantity p(t) of (A, 77), p(t+s) is (d+(t+s)77)- 
parallel, which guarantees that q{t) $sp(i+s) is parallel with respect to d+t77s = 
<^s-{d+{t + s)if). □ 

The corresponding classical result of T-transforms of a special isothermic surfaces 
can be found in which states that the T-transforms of a special isothermic 
surface are special isothermic surfaces, but in general of a different class and in a 
different space-form. 



Lawson correspondence is a consequence of Theorem 3.12 when we consider the 
case of special isothermic surfaces in of type 1, which is related, as we know, to 
constant mean curvature surfaces in a 3-dimensional space-form. Indeed, consider 
an arbitrary full isothermic surface (A, 7;) in which is a constant mean curvature 
surface in a space-form E{w) (with sectional curvature equal to K := —{w,w)). 
Denote by F the lift of A which lives in E{w), by iV a unit normal to F in E{w) 
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and finally by H the (constant) mean curvature of F with respect to N. We have 
that p{t) := w + Pit, with pi = HF + N, is a polynomial conserved quantity of 
(A, 77), considering ij — F A dpi. 

Given an arbitrary T-transform (As,?]^) of (A, ry) (associated to a $s), take the 
polynomial conserved quantity 

q{t) <i>sp{t + s) = $s(p(s)) + $.(pi)t 

of (As, i]s). Therefore we conclude that Aj is a constant mean curvature surface in 
the space-form E{^s{p{s))), which has sectional curvature Kg = — ($s(p(s)), $s(p(s))), 
with (constant) mean curvature equal to := —i^siPi),^sip{s))), with respect 
to <i>s{N + sF). Since 

{q{t), q{t)) = {<i>sp{t + s), <^>sp{t + s)) = {p{t + s),p{t + s)), 

we obtain, in particular, that the discriminants of both second degree polynomials 

{q{t),q{t)) = -Ks ~2Hst + t^ and {p{t),p{t)) = -K -2Ht + t^ 

are equal. Consequently, 4iJ^ + AKg = 4iJ^ + AK, i.e., 

+ K, =H^ +K. 

4. Spherical system and sphere-planes 

4.1. Spherical system and sphere-planes of complementary surfaces. An 

isothermic surface (A, 77) in S*" together with a Darboux transform A define two 
interesting sphere congruences. First, A, A envelop the congruence of 2-spheres 
given by 

Vr := A(i)©A = A©A(i). 
Second, define the spherical system of A and A as the (n — 2)-sphere congruence 
C := A® A©F^ = (A^i))^ ® A. 

This is the family of codimension 2 spheres that cut both A and A orthogonally 
at each point. Orthoprojection of d onto C defines a connection T> which is fiat: 
indeed, A A and Vr are parallel subbundles on which V is flat, Vr since A has 
fiat normal bundle and A © A since V is also the orthoprojection of d -I- mi] with 
respect to which A is parallel by definition. In codimension 1, this flatness amounts 
to the assertion that C defines a cyclic system of circles, whence our terminology. 
Finally, let w S M"'''^'^ and set 

P ■.= C+{w). 

On the open set where w ^ C, V defines a congruence of hyperspheres we call the 
sphere-planes congruence of A and A with respect to w. Geometrically, V is the 
unique congruence of totally geodesic hyperspheres in E(w) containing the spherical 
system. 

Darboux ||l2| proves that an isothermic surface in R'^ is special in the classical sense 
if and only if it admits a pair of possibly complex conjugate Darboux transforms 
for which the corresponding circle-planes coincide and, in this case, those Dar- 
boux transforms are complementary surfaces. This all goes through in arbitrary 
codimension and for arbitrary space-forms at least in the case of real sphere-planes. 

Theorem 4.1. Let (A, 77) be a full isothermic surface in S"', n > with two 
Darboux transforms Ai and A2 of (A, 77) of parameters mi ^ 7712, such that there 
is a w ^ R"+"'^'"'^\A;j^, for all x, which never belongs to the spherical systems of Ai 
and A2 n. // the sphere-planes of Ai and A2 associated to w coincide and contain 



'that is, the spherical systems of the two Darboux pairs A and Ai, and A and A2. 
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no principal direction of A, then (A, 77) is a special isothermic surface of type 2, 
with respect to a polynomial p{t) with Pq G (w), and such that Ai and A2 are 
complementary surfaces of (A, 77) with respect to p{t). 

Conversely, if (A, rj) is special isothermic of type 2 in E(w) with complementary 
surfaces Ai, A2 then the sphere-planes through each Ai and w coincide. 

Proof. Let Fi be a (d + mi?7)-parallel lift of A^. We assume that the sphere-planes 
coincide: 

where Vi is the enveloped sphere congruence of A and Ai . We can therefore write 
(11) Fi=^ + I3F2 + Q 

where /? is a function, e r(A*^^'')^ and Q E ^{w). We are going to prove that /3 

and Q are constant. 

As in (||), for a hft F e TA, we write 

rj = e-2«F A (-F„du + F^dv), 

for curvature line coordinates u,v. Now apply d/du + mirig/Qu to (|ll] ) to get 

= S.U + l3uF2 + {mi - m2)/3rig/guF2 + Qu + mirio/QuQ. 

Let TT denote orthoprojection onto V2 and set tt-^ = 1 — tt. We apply tt to the last 
equation and rearrange to get: 

T^iCu) + [mi - m2)l3r]g/guF2 + rni7Jg/9uQ = -/3u^2 - Qu + T^'^iQu)- 

Here the left hand side takes values in A„ — {F^F^^) since u,v are curvature line 
coordinates, while the right hand side lies in V. Our assumption on principal 
directions is that A„ n P — A from which we deduce that Qu takes values in 
A ® A2 © V^. However, this last has trivial intersection with (w) so that Q„ = 0. 
Since F2 does not lie in A, we now conclude that /3„ = also. Similarly, we obtain 
Qv = and = 0. 

Now let p{t) = po + Pit + p2t^ be the polynomial such that 

p(77^i) = miFi, p(m2) ~ m2/3F2 and p(0) = Q. 

m2 — mi 

One readily computes from (^Tj) that p2 — C/ {mi —777.2) £ r(A(^^)^ so that 77^2 = 0. 
Thus (d + tr])p{t) is quadratic in t with zeros at 777,1,777,2 and and so vanishes 
identically. We conclude that p{t) is our desired polynomial conserved quantity. 
For the converse, if A has a polynomial conserved quantity p{t) = po +Pit+P2t^ and 
A = {p{m)) is a complementary surface then the corresponding spherical system is 
C = (A^-'^^)^ © (p{m)} so that the sphere-planes are given by 

C+ (w) ^ (A(i))^ + {pq + pim + p2m'^} + (w) = (A*^))-^ + {w,pi), 
which is independent of tti. □ 

A similar but simpler argument shows that the stronger condition of coincident 
spherical systems characterises those special isothermic surfaces of type 1 that admit 
two complementary surfaces^: 

Theorem 4.2. Let (A, 77) be a full isothermic surface in S", n > 3, with two 
Darboux transforms Ai and A2 of (A, r]) of parameters mi 7^ 777,2 • The spherical 
systems through Ai and A2 coincide if and only if A is special isothermic of type 1 
with the Ai complementary surfaces. 



In codimension 1, these are the surfaces of constant mean curvature H in a space- form of 
sectional curvature K for which + K > 0. 
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Proof. If the spherical systems coincide, we have, with Fi (d + mi77)-parallel hfts of 



for a function /3 and ^ S r(A(^))-'-. Applying d + niirj to this yields 

= dC + dpF2 + (mi - ■m2)r]F2 = d/JFa mod A^ 

so that /? is constant. Now define p{t) = po + pit by requiring that 

p{mi) = Fi, p(m2) = I3F2. 

One computes that pi = ^/{mi — 7712) so that rjpi — 0. Now (d + tr])p{t) is first 
order in t with zeros at toi,TO2 and so vanishes. 

The converse is straightforward. □ 

4.2. Enveloping surfaces of circle-planes of complementary surfaces. Dar- 
boux H^, p. 507] (see also [0, §15]) proves that, for a special isothermic surface in 
K^, the enveloping surface of the congruence of circle-planes of the complementary 
surfaces is isometric to a quadric in M^'^. We now prove a version of this result in 
arbitrary codimension. 

Let (A, 77) be a special isothermic surface of type 2 in R" — E{'w), w ^ C, with 
respect to the polynomial p{t) = po + Pit + P2t^- Assume that p2 is a unit sec- 
tion and write po = Bw for a constant B (possibly zero). Let A = {p(m)) be a 
complementary surface of (A, 77). 

Contemplate the congruence of circles C = A © A © (732) which cuts both A and A 
orthogonally in the direction defined by p2 ■ The congruence V = C (B (w) of planes 
through these circles is defined whenever w ^ C. 

Theorem 4.3. 

(1) The congruence V generically admits an enveloping surface K^. 

(2) The section of Ag which takes values in E(w) is locally isometric to a 



Proof. Consider sections of V of the form G — ap2 + /3p{m) + sw — Gi + sw for 
functions a,P,s. Such a section will span an enveloping surface if it is null and dGi 
takes values in V. However, dp2 is proportional to dp(m) — —mrj p(rn) modulo A 
(the trace-free second fundamental form of A is proportional to the holomorphic 
quadratic differential q) so that a, (3 can be chosen to ensure that dGi G fl^{C). 
Now s can be chosen to make G null so long as (Gi, w) is non-zero. 
In this situation, we normalise so that {G,w) = — 1 and let Ag be the span of G. 
We now show that G is isometric to a quadric. 

Observe that p{m) is a I?-parallel section of C where V is the flat connection on 
C given by the orthoprojection of d onto C (indeed, C is a parallel subbundle of 
the spherical system through p{m)). Now construct a parallel frame of C by taking 
F E FA with {F,p{m)) = —1 and setting Z := {p2,p{m))F + P2- a unit section of 
C orthogonal to A and A. We have 

Gi = ap2 + /3p{m) — a{Z - {p2,p{rn))F) + [3p{rn) = aZ + (3p{m) + 7F, 



quadric in M.'^'^ . 



where 



(12) 



7 = -a{p2,p{m)). 



Since (G, w) 



1, equivalently, (Gi,w) 



1, we obtain 



a{p2,w) + I3{p{m),w) = -1, 
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SO that 

a^(p2,Po) + al3ipi'm),po) + aB ^ 0. 
Now substitute (^2|) to eliminate the non-constant inner product {p2,Po) deduce 

(13) - (to^ + m{p2,pi))a^ + {m{pi,po) - - m^{p2,Pi))a^ 

— a'-f ~ vr? fi^ + BoL = 0. 

Note that all the inner products {pi,pj) occurring in ([l^ ) arc constant. 

Since V is flat, there are local gauge transformations ^E* : {C,V) = (M^'^,d) and 
we see that g = ^> o Gi has image in the quadric defined by (|3|). Moreover, since 
(dGi,w) = and dd G n^C), we get 

(dG,dG) = (dGi,dG'i) = (VGuVGi) = (d.g,dg) 

so that Ae, with the metric induced from E{w), is isometric to the quadric ([l3| ) 
wherever it immerses. □ 
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